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Abstract
We consider five different types of systems of generalized vector quasi-equilibrium problems and establish relationships among
them by using different kinds of generalized pseudomonotonicities. We prove the existence of their solutions under lower semi-
continuity for a family of multivalued maps involved in the formulation of these problems. The existence of solutions of these
problems is also investigated without any coercivity condition but for Φ-condensing maps. We also establish some existence re-
sults for solutions of these problems under pseudomonotonicities in the setting of Hausdorff topological vector spaces as well as
real Banach spaces.
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1. Introduction and formulations
In the last decade, systems of (vector) quasi-equilibrium problems are used as tools to establish the existence
of a solution of constrained (vector) Nash equilibrium problem, also known as Debreu type (vector) equilibrium
problem [15], both for nondifferentiable and (non)convex (vector valued) functions. These are also used to solve
mathematical programs with equilibrium constraint [28], fixed point problem for a family of nonexpansive multi-
valued maps [26] and several related topics. By using different types of maximal element theorems for a family
of multivalued maps and different types of fixed point theorems for a multivalued map, several authors studied
the existence of solutions of different kinds of systems of (vector) quasi-equilibrium problems. See, for example,
[3–7,16,18–20,26,28–30,36,37] and references therein.
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dorff topological vector space Xi . Throughout this paper, unless otherwise specified, K =∏i∈I Ki and X =∏i∈I Xi .
For each i ∈ I , let Yi be a topological vector space, L(Xi,Yi) the space of all continuous linear operators from Xi to
Yi , Di a nonempty subset of L(Xi,Yi), Ci : K → 2Yi a multivalued map such that for all x ∈ K , Ci(x) is a proper,
closed and convex cone with apex at the origin and intCi(x) = ∅, and Wi : K → 2Yi a multivalued map defined as
Wi(x) = Yi \ (−intCi(x)) for all x ∈ K such that its graph is closed, where intCi and 2Yi denote the interior of
Ci and the family of all subsets of Yi , respectively. For each i ∈ I , let Fi : Ki → 2Yi be a multivalued map with
nonempty values, Ai : K → 2Ki a multivalued map with nonempty convex values such that A(x) = ∏i∈I Ai(x),
and ψi : Di × Ki × Ki → Yi a function. We consider the following Systems of Generalized Implicit Vector Quasi-
Equilibrium Problems (in short, SGIVQEP):
Problem 1. Find x¯ ∈ K such that x¯ ∈ A(x¯) and for each i ∈ I ,
∀u¯i ∈ Fi(x¯): ψi(u¯i , x¯i , yi) /∈ −intCi(x¯), ∀yi ∈ Ai(x¯).
Problem 2. Find x¯ ∈ K such that x¯ ∈ A(x¯) and for each i ∈ I ,
∃u¯i ∈ Fi(x¯): ψi(u¯i , x¯i , yi) /∈ −intCi(x¯), ∀yi ∈ Ai(x¯).
Problem 3. Find x¯ ∈ K such that x¯ ∈ A(x¯) and for each i ∈ I ,
∀yi ∈ Ai(x¯), ∃u¯i ∈ Fi(x¯) (u¯i depends on yi): ψi(u¯i , x¯i , yi) /∈ −intCi(x¯).
Problem 4. Find x¯ ∈ K such that x¯ ∈ A(x¯) and for each i ∈ I ,
∀y ∈ A(x¯) and ∀vi ∈ Fi(y): ψi(vi, yi, x¯i ) /∈ intCi(x¯),
where yi is the ith component of y.
Problem 5. Find x¯ ∈ K such that x¯ ∈ A(x¯) and for each i ∈ I ,
∀y ∈ A(x¯), ∃vi ∈ Fi(y) (vi depends on y): ψi(vi, yi, x¯i) /∈ intCi(x¯),
where yi is the ith component of y.
Remark 1.1. Problem 1 ⇒ Problem 2 ⇒ Problem 3 and Problem 4 ⇒ Problem 5.
The solutions of Problems 1, 2 and 3 are called general solution, strong solution and weak solution, respectively.
In view of Remark 1.1, every general solution is a strong solution and every strong solution is a weak solution. But
the converse assertions may not be true.
When Ai(x) = Ki for all x ∈ K and for each i ∈ I , Problems 1–5 are called systems of generalized implicit vector
equilibrium problems (in short, SGIVEP) considered and studied by Al-Homidan et al. [1]. In this case, the existence
results for solutions of these problems are investigated by introducing different kinds of generalized pseudomonotonic-
ities. In this case, Nash equilibrium problem for vector valued functions can be solved by using Problems 1–5 but not
constrained Nash equilibrium problem for vector valued functions.
Problem 3 was first considered and studied in [6]. We established the existence of a solution of Problem 3 with-
out assuming any monotonicity condition. We showed that if for each i ∈ I , ψi(ui, xi, yi) = 〈ui, ηi(yi, xi)〉, where
ηi :Ki × Ki → Xi and 〈si , xi〉 denotes the evaluation of si ∈ L(Xi,Yi) at xi ∈ Xi , Problem 3 provides a sufficient
condition (which is in general not necessary) for a solution of system of vector quasi-optimization problems which
includes constrained Nash equilibrium problem for nondifferentiable and nonconvex functions. But, in this case, Prob-
lem 2 provides necessary and sufficient conditions for a solution of system of vector quasi-optimization problems.
If for each i ∈ I , Ai(x) = Ki for all x ∈ K , Problem 3 is called system of generalized implicit vector equilibrium
problems and it is introduced and studied in [8]. It is also used to give the existence of a solution of Nash equilibrium
problem for nondifferentiable and nonconvex functions. Further, if Yi = R and Ci(x) = R− and Ai(x) = Ki for all
x ∈ K , Problem 3 was studied in [10]. As an application of their results, we established some existence results for
solutions of systems of optimization problems and Nash equilibrium problem [33].
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in [21].
When I is a singleton set, Ai(x) = Ki for all x ∈ K and ψi(ui, xi, yi) = 〈ui, ηi(yi, xi)〉 (respectively
ψi(ui, xi, yi) = 〈ui, yi − xi〉), then Problem 2 provides necessary and sufficient conditions for solutions of vector
optimization problems for nondifferentiable and nonconvex functions (respectively for nondifferentiable, but convex
functions). See, for example, [2,9] and references therein. In this case, Problem 1 is considered and studied in [2,14,
24].
When I is a singleton set, Problems 2 and 3 are studied by Kum and Lee [25,31]. They proved the existence of
solutions of these problems under some kind of pseudomonotonicity assumptions.
In the next section, we recall some known definitions and results which will be used in the sequel. In Section 3,
we establish some relationships among Problems 1–5 by using different kinds of generalized pseudomonotonicities.
Section 4 is devoted to the existence results for a solution of Problem 1 under lower semicontinuity of the family
of multivalued maps involved in the formulation of the problem. The existence of a solution of Problem 1 and so
Problems 2 and 3 without any coercivity condition but for Φ-condensing maps is also established. In Section 5, we
establish the existence of a strong solution of our SGVQEP by using H-hemicontinuity assumption in the setting
of real Banach spaces. We also prove the existence of a weak solution under generalized pseudomonotonicity and
u-hemicontinuity assumptions. Basically, besides establishing existence results for solutions of Problems 1–3 without
any coercivity condition but for Φ-condensing maps, we extend the results of [1] for SGIVEP to SGIVQEP. Our
results provide the existence of solutions of Problems 1–5 under some kind of pseudomonotonicity assumption and
under lower semicontinuity assumption which is one of main motivations of this paper.
2. Preliminaries
Definition 2.1. (See [12].) Let X and Y be topological spaces. A multivalued map T : X → 2Y is called upper
semicontinuous at x0 ∈X if for any open set V in Y containing T (x0), there exists an open neighborhood U of x0 in
X such that T (x) ⊆ V for all x ∈ U .
T is called lower semicontinuous at x ∈ X if for any y ∈ T (x) and for any xn ∈ X such that xn → x, there exists
yn ∈ T (xn) such that yn → y.
It is said to be upper (lower) semicontinuous on X if it is upper (lower) semicontinuous at every point x ∈X .
Further, T is said to be continuous on X if it is upper semicontinuous as well as lower semicontinuous on X.
Lemma 2.1. (See [12].) T is lower semicontinuous at x ∈X if and only if for any y ∈ T (x) and for any xn ∈X such
that xn → x, there exists yn ∈ T (xn) such that yn → y.
Lemma 2.2. (See [32].) Let (E,‖ · ‖) be a normed vector space andH be a Hausdorff metric on the collection CB(E)
of all nonempty, closed and bounded subsets of E,
H(U,V ) = max
{
sup
x∈U
inf
y∈V ‖x − y‖, supy∈V infx∈U ‖x − y‖
}
,
for all U,V ∈ CB(E). If U and V are compact sets in E, then for all x ∈ U , there exists y ∈ V such that
‖x − y‖H(U,V ).
Definition 2.2. (See [32].) Let (E,d) be a metric space and H be a Hausdorff metric on CB(E). A multivalued map
T : E → CB(E) is said to be continuous (in the sense of Nadler) on E if for every ε > 0, there exists a δ > 0 such that
for all x, y ∈ E
H(T (x), T (y))< ε whenever d(x, y) < δ.
Remark 2.1. The notion of continuity in the sense of Definitions 2.1 and 2.2 are equivalent if T is compact valued.
Definition 2.3. (See [38].) Let Ω be a nonempty convex subset of a normed space (E,‖ · ‖) and Υ be a normed
linear space. A nonempty compact-valued multifunction T : Ω → 2L(E,Υ ) is said to be H-hemicontinuous if for any
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Definition 2.4. (See [34,35].) Let E be a Hausdorff topological vector space and L a lattice with least element, denoted
by 0. A mapping Φ : 2E → L is called a measure of noncompactness provided that the following conditions hold for
any M,N ∈ 2E :
(i) Φ(M) = 0 if and only if M is precompact (i.e., it is relatively compact).
(ii) Φ(convM) = Φ(M), where convM denotes the closed convex hull of M .
(iii) Φ(M ∪N) = max{Φ(M),Φ(N)}.
It follows from (iii) that if M ⊆ N , then Φ(M)Φ(N).
Definition 2.5. (See [34,35].) Let Φ : 2E → L be a measure of noncompactness on E and D ⊆ E. A multivalued map
T : D → 2E is called Φ-condensing provided that if M ⊆ D with Φ(T (M))Φ(M), then M is relatively compact.
Remark 2.2. Note that every multivalued map defined on a compact set is necessarily Φ-condensing. If E is locally
convex, then a compact multivalued map (i.e., T (D) is precompact) is Φ-condensing for any measure of noncompact-
ness Φ . Obviously, if T : D → 2E is Φ-condensing and if T ′ : D → 2E satisfies T ′(x) ⊆ T (x) for all x ∈ D, then T ′
is also Φ-condensing.
The following particular form of a maximal element theorem for a family of multivalued maps due to Lin and
Ansari (Corollary 4.4 in [27]) is the main tool to establish the existence of solutions of Problems 1–5.
Theorem 2.1. (See [27].) For each i ∈ I , let Ki be a nonempty convex subset of a Hausdorff topological vector
space Xi . For each i ∈ I , let Si, Ti : K → 2Ki be multivalued maps satisfying the following conditions:
(i) For each i ∈ I and for all x ∈ K , coSi(x) ⊆ Ti(x), where coSi(x) denotes the convex hull of Si(x);
(ii) For each i ∈ I and for all x = (xi)i∈I ∈ K , xi /∈ Ti(x), where xi is the ith component of x;
(iii) For each i ∈ I and for all yi ∈ Ki , S−1i (yi) = {x ∈ K: yi ∈ Si(x)} is open in K ;
(iv) There exist a nonempty compact subset M of K and a nonempty compact convex subset Ni of Ki for each i ∈ I
such that for all x ∈ K \M , there exists i ∈ I such that Si(x)∩Ni = ∅.
Then there exists x¯ ∈ K such that Si(x¯) = ∅ for all i ∈ I .
Remark 2.3. If for each i ∈ I , Ki is a nonempty, closed and convex subset of a locally convex Hausdorff topological
vector space Xi , then condition (iv) of Theorem 2.1 can be replaced by the following condition:
(iv)′ The multivalued map S : K → 2K defined as S(x) :=∏i∈I Si(x) for all x ∈ K , is Φ-condensing.
(See Corollary 4 in [13].)
3. Relationships among Problems 1–5
We recall different kinds of generalized pseudomonotonicities introduced in [1].
Definition 3.1. (See [1].) Let {ψi}i∈I be a family of mappings ψi : Di ×Ki ×Ki → Yi . A family {Fi}i∈I of multival-
ued maps Fi : K → 2Ki with nonempty values is called:
(i) generalized strongly pseudomonotone w.r.t. {ψi}i∈I if for all x, y ∈ K and for each i ∈ I ,
∀ui ∈ Fi(x): ψi(ui, xi, yi) /∈ −intCi(x) ⇒ ∀vi ∈ Fi(y): ψi(vi, yi, xi) /∈ intCi(x);
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∃ui ∈ Fi(x): ψi(ui, xi, yi) /∈ −intCi(x) ⇒ ∀vi ∈ Fi(y): ψi(vi, yi, xi) /∈ intCi(x);
(iii) generalized weakly pseudomonotone w.r.t. {ψi}i∈I if for all x, y ∈ K and for each i ∈ I ,
∃ui ∈ Fi(x): ψi(ui, xi, yi) /∈ −intCi(x) ⇒ ∃vi ∈ Fi(y): ψi(vi, yi, xi) /∈ intCi(x);
(iv) generalized pseudomonotone+ w.r.t. {ψi}i∈I if for all x, y ∈ K and for each i ∈ I ,
∀ui ∈ Fi(x): ψi(ui, xi, yi) /∈ −intCi(x) ⇒ ∃vi ∈ Fi(y): ψi(vi, yi, xi) /∈ intCi(x);
(v) u-hemicontinuous w.r.t. {ψi}i∈I if for all x, y ∈ K and α ∈ [0,1] and for each i ∈ I , the multivalued map
α → ψi
(
Fi
(
x + α(y − x)), xi, yi)
is upper semicontinuous at 0+, where
ψi
(
Fi
(
x + α(y − x)), xi, yi)= {ψi(wi, xi, yi): wi ∈ Fi(x + α(y − x))}.
Remark 3.1. Definition (i) ⇒ Definition (ii) ⇒ Definition (iii); Definition (iv) ⇒ Definition (iii); Definition (i) ⇒
Definition (iv); that is, Definition (i) ⇒ Definition (iv) ⇒ Definition (iii).
In the next three lemmas, we discuss the relationships among Problems 1–5.
Lemma 3.1.
(a) Problem 3 ⇒ Problem 4 if {Fi}i∈I is generalized pseudomonotone w.r.t. {ψi}i∈I .
(b) Problem 3 ⇒ Problem 5 if {Fi}i∈I is generalized weakly pseudomonotone w.r.t. {ψi}i∈I .
(c) Problem 1 ⇒ Problem 5 if {Fi}i∈I is generalized pseudomonotone+ w.r.t. {ψi}i∈I .
(d) Problem 1 ⇒ Problem 4 if {Fi}i∈I is generalized strongly pseudomonotone w.r.t. {ψi}i∈I .
(e) Problem 2 ⇒ Problem 4 if {Fi}i∈I is generalized pseudomonotone w.r.t. {ψi}i∈I .
Lemma 3.2. For each i ∈ I , assume that the following conditions hold:
(i) For all x ∈ K and all ui ∈ Fi(x), ψi(ui, xi, xi) ∈ Ci =⋂x∈K Ci(x);
(ii) For all x ∈ K and all ui ∈ Fi(x), ψi(ui, xi, ·) is Ci -convex, that is, for all si ∈ L(Xi,Yi), x, y ∈ K and α ∈ [0,1],
ψi
(
si, xi, αxi + (1 − α)yi
) ∈ αψi(si, xi, xi)+ (1 − α)ψi(si , xi, yi)− Ci;
(iii) For all si ∈ L(Xi,Yi), x, y, z ∈ K and α ∈ [0,1],
ψi
(
si, xi + α(yi − xi), zi
)= (1 − α)ψi(si , xi, zi);
(iv) {Fi}i∈I is u-hemicontinuous w.r.t. {ψi}i∈I .
Then Problem 5 ⇒ Problem 3 as well as Problem 4 ⇒ Problem 3.
Proof. We first prove that Problem 5 ⇒ Problem 3.
Let x¯ ∈ K be a solution of Problem 5. Then x¯ ∈ A(x¯). Suppose to the contrary that x¯ ∈ A(x¯) is not a solution of
Problem 3. Then there exist an i ∈ I and yˆi ∈ Ai(x¯) such that for all u¯i ∈ Fi(x¯), we have
ψi(u¯i , x¯i , yˆi ) ∈ −intCi(x¯). (3.1)
Let xαi = x¯i + α(yˆi − x¯i ) for α ∈ [0,1]. Since each Ai(x¯) is convex, we have xαi ∈ Ai(x¯) and so we can let xα =
(x¯1, . . . , x
α
i , . . .) ∈ A(x¯) such that its ith component is xαi and the rest of the components are x¯j for all j ∈ I , j = i.
Define a multivalued map Hi : [0,1] → 2Yi by
Hi(α) =
{
ψi
(
uα, x¯i , yˆi
)
: uα ∈ Fi
(
xα
)}
.i i
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Hi(0) = ψi
(
Fi(x¯), x¯i , yˆi
)⊆ −intCi(x¯).
Since {Fi}i∈I is u-hemicontinuous w.r.t. {ψi}i∈I , there exists δ ∈ (0,1] such that for all α ∈ (0, δ),
Hi(α) ⊆ −intCi(x¯).
Therefore, for all α ∈ (0, δ) and all uαi ∈ Fi(xα), we have
ψi
(
uαi , x¯i , yˆi
) ∈ −intCi(x¯). (3.2)
Fix α ∈ (0, δ). Then by conditions (i)–(iii), we have for all uαi ∈ Fi(xα)
ψi
(
uαi , x
α
i , x
α
i
) ∈ αψi(uαi , xαi , yˆi)+ (1 − α)ψi(uαi , xαi , x¯i)− Ci ,
or
−(1 − α)ψi
(
uαi , x
α
i , x¯i
) ∈ αψi(uαi , xαi , yˆi)−ψi(uαi , xαi , xαi )− Ci
⊆ α(1 − α)ψi
(
uαi , x¯i , yˆi
)− Ci − Ci
⊆ −intCi(x¯)−Ci(x¯)−Ci(x¯)
⊆ −intCi(x¯).
Thus for all xα ∈ A(x¯), we have ψi(uαi , xαi , x¯i) ∈ intCi(x¯) for all uαi ∈ Fi(xα) which contradicts our supposition that
x¯ is a solution of Problem 5. This completes the proof.
The proof of the second part lies on the lines of the proof of the first part. Therefore we omit it. 
Proposition 3.1. Under the conditions of Lemma 3.1(a) and Lemma 3.2, Problems 3–5 are equivalent.
Lemma 3.3. For each i ∈ I , let (Xi,‖ · ‖) and Yi be real Banach spaces and Ki be a nonempty convex subset of Xi .
For each i ∈ I , assume that the following conditions hold:
(i) For all x ∈ K and all ui ∈ Fi(x), ψi(ui, xi, xi) ∈ Ci =⋂x∈K Ci(x);
(ii) For all x ∈ K and all ui ∈ Fi(x), ψi(ui, xi, ·) is Ci -convex, that is, for all si ∈ L(Xi,Yi), x, y ∈ K and α ∈ [0,1],
ψi
(
si, xi, αxi + (1 − α)yi
) ∈ αψi(si, xi, xi)+ (1 − α)ψi(si , xi, yi)− Ci;
(iii) For all si ∈ L(Xi,Yi), x, y, z ∈ K and α ∈ [0,1],
ψi
(
si, xi + α(yi − xi), zi
)= (1 − α)ψi(si , xi, zi);
(iv) ψi is continuous in the first argument;
(v) Fi is H-hemicontinuous and for all x ∈ K , Fi(x) is a nonempty compact set in Yi ;
(vi) The family {Fi}i∈I is generalized pseudomonotone w.r.t. {ψi}i∈I .
Then Problems 2 and 4 are equivalent.
Proof. Problem 2 ⇒ Problem 4 follows from condition (vi).
Problem 4 ⇒ Problem 2: Let x¯ ∈ K be a solution of Problem 4. Then x¯ ∈ A(x¯) and for each i ∈ I ,
∀y ∈ A(x¯) and ∀vi ∈ Fi(y): ψi(vi, yi, x¯i ) /∈ intCi(x¯), (3.3)
where yi is the ith component of y. For any given y ∈ A(x¯), we know that yα = αy+(1−α)x¯ ∈ A(x¯) for all α ∈ (0,1)
since each Ai(x¯) is convex and so A(x¯). Then from (3.3), we have
∀i ∈ I, ∀vαi ∈ Fi
(
yα
): ψi(vαi , yαi , x¯i) /∈ intCi(x¯),
where yαi is the ith component of y
α
. Then we have
∀i ∈ I, ∀vα ∈ Fi
(
yα
): ψi(vα, x¯i , yi) /∈ −intCi(x¯). (3.4)i i
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ψi
(
vαi , x¯i , yi
) ∈ −intCi(x¯). (3.5)
Fix this i and vαi ∈ Fi(yα). Then by conditions (i)–(iii), we have
ψi
(
vαi , y
α
i , y
α
i
) ∈ αψi(vαi , yαi , yi)+ (1 − α)ψi(vαi , yαi , x¯i)− Ci ,
or
−(1 − α)ψi
(
vαi , y
α
i , x¯i
) ∈ αψi(vαi , yαi , yi)−ψi(vαi , yαi , yαi )− Ci
⊆ α(1 − α)ψi
(
vαi , x¯i , yi
)− Ci − Ci
⊆ −intCi(x¯)−Ci(x¯)−Ci(x¯)
⊆ −intCi(x¯).
Therefore, ψi(vαi , y
α
i , x¯i) ∈ intCi(x¯) which contradicts to (3.3), and hence (3.4) holds.
Since Fi(yα) and Fi(x¯) are compact. From Lemma 2.1 we have that for each fixed vαi ∈ Fi(yα), there exists
uαi ∈ Fi(x¯) such that∥∥vαi − uαi ∥∥H(Fi(yα),Fi(x¯)).
Since each Fi(x¯) is compact, without loss of generality, we may assume that uαi → u¯i ∈ Fi(x¯) as α → 0+. Since for
each i ∈ I , Fi is H-hemicontinuous,
H(Fi(yα),Fi(x¯))→ 0 as α → 0+.
Therefore,
∥∥vαi − u¯i∥∥ ∥∥vαi − uαi ∥∥+ ∥∥uαi − u¯i∥∥H(Fi(yα),Fi(x¯))+ ∥∥uαi − u¯i∥∥→ 0 as α → 0+.
Since for each i ∈ I , ψi is continuous in the first argument and Wi(x¯) is closed, we have
ψi(u¯i , x¯i , yi) ∈ Yi \
{−intCi(x¯)}= Wi(x¯) ⇔ ψi(u¯i , x¯i , yi) /∈ −intCi(x¯),
that is, x¯ is a solution of Problem 1. 
Remark 3.2. If Ai(x) = Ki for each i ∈ I , then Lemmas 3.1, 3.2 and 3.3 are considered in [1].
4. Existence results under lower semicontinuity
Rest of the paper, unless otherwise specified, we assume that I is any index set and for each i ∈ I , Yi is a topological
vector space, K =∏i∈I Ki , Ci : K → 2Yi is a multivalued map such that for all x ∈ K , Ci(x) is a proper, closed and
convex cone with apex at the origin and intCi(x) = ∅, and the graph of the multivalued map Wi : K → 2Yi defined by
Wi(x) = Yi \ {−intCi(x)} for all x ∈ K , is closed. For each i ∈ I , we also assume that Ai : K → 2Ki is a multivalued
map such that for all x ∈ K , Ai(x) is nonempty and convex, A−1i (yi) is open in K for all yi ∈ Ki and the set
Fi := {x ∈ K: xi ∈ Ai(x)} is closed in K , where xi is the ith component of x.
Let us recall the following definitions.
Definition 4.1. (See [1].) For each i ∈ I , let Fi : K → 2Di be a multivalued map with nonempty values. A family
{ψi}i∈I of functions ψi : Di ×Ki ×Ki → Yi is called Ci(x)-quasiconvex-like w.r.t. {Fi}i∈I if for all x ∈ K , y′i , y′′i ∈ Ki
and α ∈ [0,1], we either have ∀ui ∈ Fi(x),
ψi
(
ui, xi, αy
′
i + (1 − α)y′′i
) ∈ ψi(ui, xi, y′i)− intCi(x),
or
ψi
(
ui, xi, αy
′
i + (1 − α)y′′i
) ∈ ψi(ui, xi, y′′i )− intCi(x).
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{ψi}i∈I of functions ψi : Di × Ki × Ki → Yi is called simultaneously Ci(x)-quasiconvex-like w.r.t. {Fi}i∈I if for all
x ∈ K , y′i , y′′i ∈ Ki and α ∈ [0,1], we either have ∀u′i , u′′i ∈ Fi(x),
ψi
(
αu′i + (1 − α)u′′i , xi, αy′i + (1 − α)y′′i
) ∈ ψi(u′i , xi, y′i)− intCi(x),
or
ψi
(
αu′i + (1 − α)u′′i , xi, αy′i + (1 − α)y′′i
) ∈ ψi(u′′i , xi, y′′i )− intCi(x).
Now we establish an existence result for a solution of Problem 1 under lower semicontinuity of the family of
multivalued maps involved in the formulation of the problem.
Theorem 4.1. For each i ∈ I , let Ki be a nonempty convex subset of a Hausdorff topological vector space Xi .
For each i ∈ I , let Fi : K → 2Ki be a lower semicontinuous multivalued map with nonempty convex values and
ψi : Di ×Ki ×Ki → Yi be a function such that the following conditions are satisfied:
(i) For all x ∈ K , the family {ψi}i∈I of functions ψi is simultaneously Ci(x)-quasiconvex-like w.r.t. {Fi}i∈I ;
(ii) For all x ∈ K and for all ui ∈ Fi(x), ψi(ui, xi, xi) /∈ −intCi(x);
(iii) For each fixed yi , the map (ui, xi) → ψi(ui, xi, yi) is continuous on Di ×Ki ;
(iv) There exist a nonempty compact subset M of K and a nonempty compact convex subset Ni of Ki for each i ∈ I
such that for all x ∈ K \M , there exist i ∈ I and y˜i ∈ Ni such that y˜i ∈ Ai(x) and ψi(ui, xi, y˜i) ∈ −intCi(x) for
all ui ∈ Fi(x).
Then Problem 1 has a solution.
Proof. For all x ∈ K and for each i ∈ I , define a multivalued map Pi : K → 2Ki by
Pi(x) =
{
yi ∈ Ki : ∃ui ∈ Fi(x) such that ψi(ui, xi, yi) ∈ −intCi(x)
}
.
Since for all x ∈ K and for all ui ∈ Fi(x), ψi(ui, xi, xi) /∈ −intCi(x), we have xi /∈ Pi(x).
For all x ∈ K , Pi(x) is convex. Indeed, let y′i , y′′i ∈ Pi(x). Then
∃u′i ∈ Fi(x) such that ψi
(
u′i , xi, y′i
) ∈ −intCi(x) (4.1)
and
∃u′′i ∈ Fi(x) such that ψi
(
u′′i , xi , y′′i
) ∈ −intCi(x). (4.2)
Since Fi(x) is convex, we have uˆi = αu′i + (1 − α)u′′i ∈ Fi(x) for all α ∈ [0,1]. For all α ∈ [0,1], from condition (i)
and (4.1)–(4.2) we either have
ψi
(
αu′i + (1 − α)u′′i , xi, αy′i + (1 − α)y′′i
) ∈ ψi(u′i , xi, y′i)− intCi(x) ⊆ −intCi(x)
or
ψi
(
αu′i + (1 − α)u′′i , xi, αy′i + (1 − α)y′′i
) ∈ ψi(u′′i , xi, y′′i )− intCi(x) ⊆ −intCi(x).
In either case, we have
∃uˆi = αu′i + (1 − α)u′′i ∈ Fi(x): ψi
(
uˆi , xi, αy
′
i + (1 − α)y′′i
) ∈ −intCi(x).
That is, αy′i + (1 − α)y′′i ∈ Pi(x), and so Pi(x) is convex.
The complement of P−1i (yi) in K ,[
P−1i (yi)
]c = {x ∈ K: ∀ui ∈ Fi(x) such that ψi(ui, xi, yi) /∈ −intCi(x)}
is closed in K .
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Fi(x
n) we have ψi(uni , x
n
i , yi) /∈ −intCi(xn), that is
ψi
(
uni , x
n
i , yi
) ∈ Wi(xn)= Yi \ {−intCi(xn)}. (4.3)
By lower semicontinuity of Fi , for any u∗i ∈ Fi(x∗), there exists u˜ni ∈ Fi(xn) such that {u˜ni } converges to u∗i . Since
(4.3) is true for all uni ∈ Fi(xn), therefore, it also holds for u˜ni ∈ Fi(xn), that is
ψi
(
u˜ni , x
n
i , yi
) ∈ Wi(xn).
Since u˜ni → u∗i , xni → x∗ and ψi(·, ·, yi) is continuous on Di ×Ki , we have
ψi
(
u˜ni , x
n
i , yi
)→ ψi(u∗i , x∗i , yi).
Since the graph of Wi is closed, we have
ψi
(
u∗i , x∗i , yi
) ∈ Wi(x∗) ⇒ ψi(u∗i , x∗i , yi) /∈ −intCi(x∗),
that is,
∀u∗i ∈ Fi
(
x∗
)
, ψi
(
u∗i , x∗i , yi
)
/∈ −intCi
(
x∗
)
.
Hence x∗ ∈ [P−1i (yi)]c and thus [P−1i (yi)]c is closed in K . Therefore, P−1i (yi) is open in K .
For each i ∈ I and for all x ∈ K , define another multivalued map Si : K → 2Ki by
Si(x) =
{
Ai(x)∩ Pi(x), if x ∈Fi ,
Ai(x), if x ∈ K \Fi .
Then, clearly for each i ∈ I and for all x ∈ K , Si(x) is convex and xi /∈ coSi(x) since xi /∈ Pi(x). Since for each i ∈ I
and for all yi ∈ Ki ,
S−1i (yi) =
(
A−1i (yi)∩ P−1i (yi)
)∪ ((K \Fi )∩A−1i (yi))
(see, for example, the proof of Lemma 2.3 in [17]) and A−1i (yi), P−1i (yi) and K \Fi are open in K , we have S−1i (yi)
is open in K .
Condition (iii) of Theorem 2.1 is followed from condition (iv). Then all the conditions of Theorem 2.1 are satisfied
and hence there exists x¯ ∈ K such that Si(x¯) = ∅ for each i ∈ I . Since for each i ∈ I and for all x ∈ K , Ai(x) is
nonempty, we have Ai(x¯) ∩ Si(x¯) = ∅ for each i ∈ I . Therefore for each i ∈ I , x¯i ∈ Ai(x¯) and for all u¯i ∈ Fi(x¯)
satisfying
ψi(u¯i , x¯i , yi) /∈ −intCi(x), ∀yi ∈ Ai(x¯),
and so x¯ ∈ K is a solution of Problem 1. 
Now we present the existence result for a solution of Problem 1 without any coercivity condition but for Φ-
condensing maps.
Theorem 4.2. For each i ∈ I , let Ki be a nonempty, closed and convex subset of a locally convex Hausdorff topological
vector space Xi and let the multivalued map A =∏i∈I Ai : K → 2K defined as A(x) =∏i∈I Ai(x) for all x ∈ K , be
Φ-condensing. Assume that the conditions (i)–(iii) of Theorem 4.1 hold. Then Problem 1 has a solution.
Proof. In view of Remark 2.2, it is sufficient to show that the multivalued map S : K → 2K defined as S(x) =∏
i∈I Si(x) for all x ∈ K , is φ-condensing, where Si ’s are the same as defined in the proof of Theorem 4.1. By the
definition of Si , Si(x) ⊆ Ai(x) for each i ∈ I and for all x ∈ K and therefore S(x) ⊆ A(x) for all x ∈ K . Since A is
Φ-condensing, by Remark 2.1, we have S is also Φ-condensing. 
Remark 4.1. Best of our knowledge, there is no result on the existence of a solution of system of vector quasi-
equilibrium problems under lower semicontinuity assumption. Therefore, Theorems 4.1 and 4.2 are new in the
literature.
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Now we prove the existence of a solution of (SGIVQEP) under generalized pseudomonotonicity assumption.
Theorem 5.1. For each i ∈ I , let Ki be a nonempty convex subset of a Hausdorff topological vector space Xi . For
each i ∈ I , let Fi : K → 2Ki be a multivalued map with nonempty values and ψi : Di × Ki × Ki → Yi be a function
such that the following conditions are satisfied:
(i) The family {Fi}i∈I of multivalued maps Fi is generalized pseudomonotone w.r.t. {ψi}i∈I ;
(ii) For all x ∈ K , the family {ψi}i∈I of functions ψi is Ci(x)-quasiconvex-like w.r.t. {Fi}i∈I ;
(iii) For all x ∈ K and for all ui ∈ Fi(x), ψi(ui, xi, xi) /∈ −intCi(x);
(iv) For each fixed (vi, yi) ∈ Di ×Ki , the map xi → ψi(vi, yi, xi) is continuous on Ki ;
(v) There exist a nonempty compact subset M of K and a nonempty compact convex subset Ni of Ki for each i ∈ I
such that for all x ∈ K \M , there exist i ∈ I and y˜i ∈ Ni such that y˜i ∈ Ai(x) and ψi(ui, xi, y˜i) ∈ −intCi(x) for
all ui ∈ Fi(x).
Then Problem 4 has a solution.
Proof. For all x ∈ K and for each i ∈ I , define two multivalued maps Pi,Qi : K → 2Ki by
Pi(x) =
{
yi ∈ Ki : ∃vi ∈ Fi(y) such that ψi(vi, yi, xi) ∈ intCi(x)
}
and
Qi(x) =
{
yi ∈ Ki : ∀ui ∈ Fi(x) such that ψi(ui, xi, yi) ∈ −intCi(x)
}
.
From condition (iii), we have ψi(ui, xi, xi) /∈ −intCi(x) and so xi /∈ Qi(x).
For all x ∈ K and for each i ∈ I , Pi(x) ⊆ Qi(x) by generalized pseudomonotonicity of {Fi}i∈I w.r.t. {ψi}i∈I .
If for all x ∈ K and for each i ∈ I , Qi(x) is convex, then coPi(x) ⊆ coQi(x) = Qi(x). Indeed, let y′i , y′′i ∈ Qi(x),
then ∀ui ∈ Fi(x), we have
ψi
(
ui, xi, y
′
i
) ∈ −intCi(x) and ψi(ui, xi, y′′i ) ∈ −intCi(x). (5.1)
Since {ψi}i∈I is Ci(x)-quasiconvex-like and from (5.1), for all α ∈ [0,1] and ∀ui ∈ Fi(x), we either have
ψi
(
ui, xi, αy
′
i + (1 − α)y′′i
) ∈ ψi(ui, xi, y′i)− intCi(x) ⊆ −intCi(x)
or
ψi
(
ui, xi, αy
′
i + (1 − α)y′′i
) ∈ ψi(ui, xi, y′′i )− intCi(x) ⊆ −intCi(x).
In either case, we have αy′i + (1 − α)y′′i ∈ Qi(x) for all α ∈ [0,1] and so Qi(x) is convex.
The complement of P−1i (yi) in K ,[
P−1i (yi)
]c = {x ∈ K: ∀vi ∈ Fi(y) such that ψi(vi, yi, xi) /∈ intCi(x)}
is closed in K .
Indeed, let {xn} be a net in [P−1i (yi)]c such that xn → x∗ ∈ K (componentwise). Then for each i ∈ I and ∀vi ∈
Fi(y), we have ψi(vi, yi, xni ) /∈ intCi(xn), that is,
ψi
(
vi, yi, x
n
i
) ∈ Wi(xn)= Yi \ {intCi(xn)}.
Since ψi(vi, yi, ·) is continuous on Ki and the graph of Wi is closed, we have,
ψi
(
vi, yi, x
n
i
)→ ψi(vi, yi, x∗i ) ∈ Wi(x∗) ⇒ ψi(vi, yi, x∗i ) /∈ intCi(x∗).
That is, x∗ ∈ [P−1i (yi)]c and thus [P−1i (yi)]c is closed in K . Therefore, P−1i (yi) is open in K .
For each i ∈ I and for all x ∈ K , define other multivalued maps Si, Ti : K → 2Ki as
Si(x) =
{
Ai(x)∩ Pi(x), if x ∈Fi ,
A (x), if x ∈ K \F ,i i
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Ti(x) =
{
Ai(x)∩Qi(x), if x ∈Fi ,
Ai(x), if x ∈ K \Fi .
Then, clearly for each i ∈ I and for all x ∈ K , coSi(x) ⊆ Ti(x) since coPi(x) ⊆ Qi(x) and Ai(x) is convex. Also,
for each i ∈ I and for all x ∈ K , xi /∈ Ti(x) because xi /∈ Qi(x). Since for each i ∈ I and for all yi ∈ Ki ,
S−1i (yi) =
(
A−1i (yi)∩ P−1i (yi)
)∪ ((K \Fi )∩A−1i (yi))
and A−1i (yi), P
−1
i (yi) and K \Fi are open in K , we have S−1i (yi) is open in K .
Condition (iv) of Theorem 2.1 is followed from condition (v). Then all the conditions of Theorem 2.1 are satisfied
and hence there exists x¯ ∈ K such that Si(x¯) = ∅ for each i ∈ I . Since for each i ∈ I and for all x ∈ K , Ai(x) is
nonempty, we have Ai(x¯) ∩ Si(x¯) = ∅ for each i ∈ I . Therefore for each i ∈ I , x¯i ∈ Ai(x¯) and for all u¯i ∈ Fi(x¯)
satisfying
ψi(vi, yi, x¯i ) /∈ intCi(x), ∀yi ∈ Ai(x¯),
and so x¯ ∈ K is a solution of Problem 4. 
Theorem 5.2. For each i ∈ I , let Ki be a nonempty convex subset of a Hausdorff topological vector space Xi . For
each i ∈ I , let Fi : K → 2Ki be a multivalued map with nonempty values and ψi : Di × Ki × Ki → Yi be a function
such that the following conditions are satisfied:
(i) The family {Fi}i∈I of multivalued maps Fi is u-hemicontinuous and generalized pseudomonotone w.r.t. {ψi}i∈I ;
(ii) The family {ψi}i∈I of functions ψi is Ci -convex in the third argument;
(iii) For all si ∈ L(Xi,Yi), x, y, z ∈ X and α ∈ [0,1],
ψi
(
si, xi + α(yi − xi), zi
)= (1 − α)ψi(si , xi, zi);
(iv) For all x ∈ K and for all ui ∈ Fi(x), ψi(ui, xi, xi) ∈ Ci ;
(v) For each fixed (vi, yi) ∈ Di ×Ki , the map xi → ψi(vi, yi, xi) is continuous on Ki ;
(vi) There exist a nonempty compact subset M of K and a nonempty compact convex subset Ni of Ki for each i ∈ I
such that for all x ∈ K \M , there exist i ∈ I and y˜i ∈ Ni such that y˜i ∈ Ai(x) and ψi(ui, xi, y˜i) ∈ −intCi(x) for
all ui ∈ Fi(x).
Then Problem 3 has a solution.
Proof. For each i ∈ I , let Pi , Qi , Si and Ti be the same as defined in the proof of Theorem 3.1. Then by using
conditions (ii)–(iv), it is easy to see that for all x ∈ K , Qi(x) is convex and so is Ti(x).
From the proof of Theorem 5.1, there exists a solution x¯ ∈ K of Problem 4. In view of Lemmas 3.1 and 3.2, x¯ ∈ K
is a solution of Problem 3. 
Now we prove the existence of a strong solution of Problem 2.
Theorem 5.3. For each i ∈ I , let Ki be a nonempty convex subset of a real Banach space Xi and Yi be
a real Banach space. For each i ∈ I , let Fi :K → 2Ki be a multivalued map with nonempty compact values and
ψi :Di ×Ki ×Ki → Yi be a function such that the following conditions are satisfied:
(i) The family {Fi}i∈I of multivalued maps Fi is H-hemicontinuous and generalized pseudomonotone w.r.t. {ψi}i∈I ;
(ii) The family {ψi}i∈I of functions ψi is Ci -convex in the third argument;
(iii) For all si ∈ L(Xi,Yi), x, y, z ∈ X and α ∈ [0,1],
ψi
(
si, xi + α(yi − xi), zi
)= (1 − α)ψi(si , xi, zi);
(iv) For all x ∈ K and for all ui ∈ Fi(x), ψi(ui, xi, xi) ∈ Ci ;
(v) For each fixed (vi, yi) ∈ Di ×Ki , the map xi → ψi(vi, yi, xi) is continuous on Ki ;
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such that for all x ∈ K \M , there exist i ∈ I and y˜i ∈ Ni such that y˜i ∈ Ai(x) and ψi(ui, xi, y˜i) ∈ −intCi(x) for
all ui ∈ Fi(x).
Then Problem 2 has a solution.
Proof. For each i ∈ I , let Pi , Qi , Si and Ti be the same as defined in the proof of Theorem 5.1. Then by using
conditions (ii)–(iv), it is easy to see that for all x ∈ K , Qi(x) is convex and so is Ti(x).
From the proof of Theorem 5.1, there exists a solution x¯ ∈ K of Problem 4. From Lemma 3.3, x¯ ∈ K is a solution
of Problem 2. 
Remark 5.1. By using the technique of [3,4,6,7,10,11,22–24,28], it is easy to derive the existence of a solution of
constrained Nash equilibrium problem for nondifferentiable and nonconvex functions from Theorems 4.1, 4.2, 5.1,
5.2 and 5.3. By using the technique of [2,9,14], one can easily establish the equivalence between systems of vector
quasi-optimization problems and Problem 1 or Problem 2. Since Theorems 4.1, 4.2 and 5.3 provide the existence
of a solution of Problem 1 and so Problem 2, we will have necessary and sufficient conditions for a solution of
system of vector quasi-optimization problems. By using the technique of [26,29], we can derive further applications
of SGIVQEP to the fixed point theory of nonexpansive maps and mathematical programs with equilibrium constraint.
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